Abstract. We study the corings whose category of right comodules has a finitely generated projective generator. In order to extricate the structure of these corings, we introduce the notion of comatrix coring. Comatrix corings allow as well to give a complete description of all cosemisimple corings.
Introduction
Corings and their comodules provide an appropriate formalism to unify notions and results coming from different subfields of the theory of associative algebras. One of the most striking examples is the following. Let ψ : T → A be a ring extension. M. Cipolla [8] extended Grothendieck's theory of the faithfully flat descent from the commutative case to the non commutative one. His main result says, in the restatement given in [16, Theorem 3.8] , that if T A is faithfully flat, then the tensor product functor − ⊗ T A : M T → Desc ψ establishes an equivalence between the category M T of all right T -modules and the category Desc ψ of descent data. Assume now that A is a right comodule algebra over a Hopf algebra H and that T is the subring of coinvariant elements of A (see [18] ). H. J. Schneider proved that the functor − ⊗ T A : M T → M H A , where M H A is the category of right Hopf A-modules, is an equivalence if and only if T A is faithfully flat and the canonical map can : A ⊗ T A → A ⊗ H is bijective [18, Theorem 1] . Both theorems have a similar flavor, and in fact they are particular cases of a recent result on corings having a grouplike element due to T. Brzeziński [4, Theorem 5.6] . The enlightening fact here is that the categories Desc ψ and M H A are categories of comodules over suitable corings which become isomorphic to Sweedler's canonical corings of the Partially supported by the grant BFM2001-3141 from the Ministerio de Ciencia y Tecnología and FEDER.
form A ⊗ T A (see [19] ). From a categorical point of view, the A-corings characterized in [4, Theorem 5.6] are precisely those for which A has a structure of right comodule such that A becomes a progenerator for the category of right comodules (see [1, Theorem 2.4] , [21, 3.8] and [7, Theorem 3.5] , for the finitely generated and projective case). We think that the theory of corings should be developed by its own right, so, in the light of the aforementioned results, a basic question arising here is to characterize the corings whose category of comodules has a finitely generated projective generator. In order to extricate the structure of these corings, we introduce the notion of comatrix coring, which allows also to give a full generalization of Brzeziński's result which works for corings without grouplike elements. Comatrix corings allow as well to give a complete description of all cosemisimple corings.
We have organized our exposition as follows. After a brief introduction (Section 1) to the basic notions of corings and comodules, we expound in Section 2 how to construct a comatrix A-coring * ⊗ B from a given bimodule B A such that A is finitely generated and projective. In the case that is a right comodule over an A-coring C, we define a homomorphism of A-corings can : * ⊗ B → C. This canonical morphism generalizes the homonymous map introduced in [18] .
Section 3 contains several characterizations of those corings C having a finitely generated and projective generator. We prove in particular that they are comatrix corings * ⊗ T such that T is faithfully flat. We include some consequences, among them, we deduce [4, Theorem 5.6] and a Descent Theorem for ring extensions of the form T → End( A ) which generalizes [8, Teorema] and [16, Theorem 3.8] .
In Section 4 we offer a structure theorem for cosemisimple corings. They are described in a unique way as direct sums of comatrix corings of the form * ⊗ D , where D is a division subring of End( A ).
Section 5 is devoted to show that comatrix corings can be alternatively introduced as coendomorphism corings.
The basic notions
We use the following conventions. For an object C in a category the identity morphism C → C is denoted by C. We work over fixed commutative ring K, and all our additive categories are assumed to be K-linear. For instance, all rings in this paper are unitary K-algebras, and all bimodules are assumed to centralize the elements of K. Attached to every object C of an additive category A we have its endomorphism ring End A (C), whose multiplication is given by the composition of the category. As usual, some special conventions will be understood for the case of endomorphism rings of modules. Thus, if M R is a right module over a ring R, then its endomorphism ring in the category M R of all right R-modules will be denoted by End(M R ), while if R N is a left R-module, then its endomorphism ring, denoted by End( R N), is, by definition, the opposite of the endomorphism ring of N in the category R M of all left modules over R.
Throughout this paper, A, A , . . . , B, . . . denote associative and unitary algebras over a commutative ring K. The tensor product over A is denoted by ⊗ A . We shall sometimes replace ⊗ K by ⊗.
We recall from [19] the notion of a coring. An A-coring is a triple (C, , ) consisting of an A-bimodule C and two A-bimodule maps 
On the other hand, the functor − ⊗ A C is right adjoint to the forgetful functor U : M A → M C (see [13, For any right A-module X, we will denote its right dual by X * = Hom A (X, A), which is a left A-module in a canonical way. We will use the analogous notation * Y for left A-modules Y . There is a canonical isomorphism End(C C ) ∼ = C * that maps an endomorphism f onto • f . The structure of ring of End(C C ) is automatically transferred to the opposite of the convolution product C * as defined in [19, Proposition 3.2] . Analogously, there is an isomorphimsm of rings End( C C) ∼ = * C. The coring C becomes a * C − C * -bimodule.
Comatrix corings and the canonical map
Let A, B be rings. A comatrix A-coring will be built on every B − A-bimodule which is finitely generated and projective as a right A-module. Sweedler's canonical corings and dual corings are examples of comatrix corings. When the bimodule enjoys a structure of right module over a given coring C, a canonical homomorphism of A-corings is shown to relate the comatrix A-coring and the coring C.
Let 
as desired. It is now routine to check that and are homomorphisms of A-bimodules. An easy computation gives the coassociative and counitary properties. The reader should realize that (1) is used again in the proof of the counitary property. Finally, let us prove the stated ring isomorphism. The isomorphism is given, at the level of K-modules, by the composition * (
where we have used one adjointness isomorphism and the canonical isomorphism ∼ = * ( * ). By computing explicitly this composition is given by the assignment f →f , wheref : → is given bŷ
We are now ready to check that (−) is a ring anti-homomorphism. First, we haveˆ (u) = i e i (e * i ⊗ B u) = i e i e * i (u) = u, for every u ∈ . Given, f, g ∈ * ( * ⊗ B ), the convolution product reads 
easily shows that 1≤i≤n e i ⊗ A e * i = 1≤j ≤m f j ⊗ A f * j and, hence, the comultiplication of the comatrix A-coring * ⊗ B does not depend on the choice of the dual basis of A .
Our comatrix corings generalize two fundamental classes of corings. 
Example 2.4 (Dual coring).
Let A → B a ring homomorphism. Assume that B A is finitely generated and projective. Then, taking the dual with respect to A, we have B * ⊗ B B ∼ = B * , and this isomorphism of A-bimodules becomes an isomorphism of A-corings whenever we consider the A-coring structure on B * obtained from the A-ring structure of B [19, 3.7] .
A relevant feature of the A-coring * ⊗ B is that the right A-module becomes a right * ⊗ B -comodule in a canonical way. Its coaction is defined as
which is clearly a left B-linear map, in other words, is B − ( * ⊗ B )-bicomodule. This comodule plays a relevant role.
Proposition 2.5. The coring * ⊗ B is, as a right comodule, generated by . Therefore, every right * ⊗ B -comodule is isomorphic to a subcomodule of a quotient of (I ) , for a suitable index set I . Moreover,
and, in particular, the canonical ring homomorphism B → End( A ) factors through End( * ⊗ B ).
Proof. For the first statement, it is enough to prove that every generator ϕ ⊗ B u ∈ * ⊗ B belongs to the image of a morphism of right * ⊗ B -comodules f : → * ⊗ B . This is fulfilled by the map defined by f (u) = ϕ ⊗ B u, which is easily proved to be a homomorphism of comodules. For the second statement, let ρ M : M → M ⊗ A * ⊗ B be a right comodule. The own structure map ρ M is a morphism of comodules which splits as a right A-module map. Therefore, M is isomorphic to a subcomodule of M ⊗ A * ⊗ B , which is now easily shown to be a quotient of a coproduct of copies of . The second statement follows from a straightforward computation.
Moreover, * ⊗ B * satisfies the left version of Proposition 2.5, and the right convolution ring ( * ⊗ B ) * is a ring anti-isomorphic to End( * B ).
Now, let C be any A-coring, and assume to be a right C-comodule with coaction ρ :
→ ⊗ A C. From now on, we will denote S = End( A ) and T = End( C ). Then becomes an S − A-bimodule and ρ is a homomorphism of S − A-bimodules. We keep in mind that T is a subring of S.
Proposition 2.7. If C is a comodule such that
A is finitely generated and projective, then the map can :
Proof. By construction can is A-bilinear. We need to check the identities
If {e * i , e i } ⊆ * × is a dual basis, then ρ (e j ) = i e i ⊗ A ρ ij for each j . Then the first identity in (5) is equivalent to
The fact that is a right C-comodule gives
On the other hand, This implies, in view of (7), the identity (6). The second identity in (5) holds since, for every i, j , we have
The following examples suggest that the can map defined in Proposition 2.7 is an interesting object for research. Moreover, it generalizes canonical maps previously considered in the theories of Hopf modules and noncommutative Galois extensions.
Example 2.8. Let us assume that our A-coring C has a grouplike element g, which is equivalent, by [4, Lemma 5.1], to endow A with a structure of right comodule over C. In this case T = End(A C ) is nothing but the subring of coinvariants [5, Proposition 2.2] of A. In this case, the map can : A ⊗ T A → C is determined by the condition can(1 ⊗ T 1) = g. Therefore, the coring C is Galois in the sense of [4, Definition 5.3] if and only if can is an isomorphism. It is convenient to point out here that our homomorphism can generalizes the original canonical map considered by [18] and, in fact, the map can defined in [3, Definition 2.1].
Example 2.9. Let G be a finite group of ring automorphims of A, and let R = G * A be the associated crossed product. The ring A embeds canonically in R and, by construction, R A is free with basis G and we can consider the corresponding comatrix coring R * ⊗ R R ∼ = R * (see Example 2.4). Let us show that the "trace map" g : R → A defined by g( σ ∈G σ a σ ) = σ ∈G a σ is a grouplike element for R * . Accordingly with [15, Theorem 3] , we need just to check that g acts as the identity on A, which is obviously the case, and that Kerg is a right ideal of R. This last condition can be checked in a straightforward way taking that the trace map is invariant under translations into account. Thus, A is a right R * -comodule and we have the homomorphism of A-corings can : A ⊗ T A → R * determined by can(1 ⊗ T 1) = g, where T is the subring of g-coinvariants of A. An easy computation shows that T is already the subring of G-invariants of A. Now, the composite homomorphism of rings
is precisely the map δ defined in [14] (or j in [9] ). There, the extension T ⊆ A is said to be G-Galois whenever δ is an isomorphism and T A is finitely generated and projective. Of course, δ is an isomorphism if and only if can is an isomorphism.
The homomomorphism of A-corings can : * ⊗ T → C leads to the functor
This is an example of induction functor (see [11, 5.2] for details).
Proposition 2.10. If C is a comodule such that A is finitely generated and projective, then T = End( * ⊗ T ) and we have a commuting diagram of functors
Now, an easy computation shows that ( ⊗ A can)ρ is just the structure map for C . Thus f is right C-colinear, that is, f ∈ T . Observe that we have already shown that CAN(
Corings with a finitely generated and projective generator
We give a complete description in terms of comatrix corings of corings having a finitely generated projective generator. Furthermore, our result generalizes [4, Theorem 5.6] to corings which possibly have no grouplike elements and, therefore, it is ultimately a generalization of [18, Theorem 1] and [8, Teorema] . Let be a right comodule over an A-coring C, and let T = End( C ) its endomorphism ring. The structure map of is T -linear and, thus, we have the functor Proof. Making use of the isomorphism Hom C ( , C) ∼ = * , we have that can : * ⊗ T → C can be written as the composite
An object X of a Grothendieck category A is said to be finitely generated if for each chain of proper subobjects {X i } of X also its union X i is a proper subobject of X (see [17, Section 4.10] ). By [17, Section 4.11, Lemma 1], a projective object P ∈ A is finitely generated if and only if Hom A (P , −) preserves coproducts. 
turns out to be inverse to the counity of the adjunction at M ∈ M . Moreover, if
* is the unity of the adjunction at X ∈ M T , then an inverse to η X ⊗ T is obtained by the isomorphism
Since T is faithful, we get that η X is an isomorphism and, hence, − ⊗ T : M T → M is an equivalence of categories with inverse − * . It follows from Proposition 2.10 that −⊗ T : M T → M C is an equivalence, as can : → C is an isomorphism. Therefore, C is a finitely generated and projective generator for M C . (iii) ⇒ (iv) First, observe that the isomorphism ⊗ A * ∼ = S implies that S is faithful. Given a monomorphism f : X → Y in M T , we have the commutative diagram
Since T is flat, we deduce that (f ⊗ T S) ⊗ S is a monomorphism and, thus, f ⊗ T S is a monomorphism. Therefore, T S is flat. Finally, if X ∈ M T is such that X ⊗ T S = 0, then 0 = (X ⊗ T S) ⊗ S ∼ = X ⊗ T , which implies that X = 0. Hence, T S is faithfully flat. [4, Definition 5.3] . In view of Theorem 3.2, a ring extension of the form T → End( A ) could be called a C-Galois ring extension whenever is a right C-comodule such that A is finitely generated and projective, T = End( C ) and C is Galois. Coring Galois extensions in [4] or [7] are then obtained with = A.
We easily get now. Galois corings with grouplike element have also been recently considered from the point of view of category equivalences by J. Y. Abuhlail [1] and R. Wisbauer [21] . Some of their results can be easily derived from our set up. Remark 3.6. In view of Lemma 3.1, can is an isomorphism if and only if χ C is an isomorphism. Taking = A in Theorem 3.2 we obtain that if C has a grouplike element and A C is flat then A is a projective generator for M C if and only if T A is faithfully flat and χ C is bijective. This has been recently proved by R. Wisbauer and J. Y. Abuhlail, this last under the additional condition " A C is locally projective" (see [21, 3.8 . (1) Example 3.8. Let (A, C) ψ be an entwining structure over K and assume there is an entwined module such that A is finitely generated and projective. We have our canonical map can : * ⊗ T → A ⊗ C, where T is the ring of endomorphisms of as an entwined module. If can is bijective then we have a special type of Galois A-corings without grouplike elements. This process can be reversed: start with a coalgebra C and a finitely generated and projective right module over an algebra A. Let ρ :
Corollary 3.5. [4, Theorem 5.6] Let C be an A-coring with a grouplike element, and T be the subring of coinvariant elements of A. If C is Galois and T A is faithfully flat, then − ⊗ T A : M T → M C is an equivalence of categories. Conversely, if − ⊗ T A is an equivalence of categories, then C is Galois. In this case if
→ ⊗ C be a structure of right C-comodule over and define T = {t ∈ End( A )|ρ(tu) = tρ(u) for every u ∈ } (that is, T is the ring of all endomorphisms of which are A-linear and C-colinear). Then define can(ϕ ⊗ T u) = ϕ(u (0) ) ⊗ u (1) . If this can is bijective (which could be the new more general definition of C-Galois extension T ⊆ End( A )) then there is a unique entwining structure (A, C) ψ making a right entwined module (to check this, first use propositions 2.1 and 2.5 to transfer the structure of A-coring of * ⊗ T and of right * ⊗ T -comodule of , respectively; and then [4, Proposition 2.2] to interpret everything in terms of the entwining structure). Taking = A, we obtain [6, Theorem 2.7] .
The relationship between Noncommutative Descent Theory and Galois corings with grouplike is known (see [4] and [7] ). We will derive from our analysis of Galois corings without grouplike elements a Descent Theory for ring extensions of the form B → End( A ), where A is finitely generated and projective. Of course, our sufficient conditions to have the Descent Theorem are given on the bimodule . Once again, the case = A collapses with the classical theory. Proof. Let B → T the homomorphism of rings given in Proposition 2.5. Denote by ω : * ⊗ B → * ⊗ T the obvious map which sends ϕ ⊗ B x → ϕ ⊗ T x. Let us check that ω is the inverse of can. Given ϕ ∈ * and x ∈ , we have can Proof. First, keep in mind that Lemma 3.9 says that the comatrix coring * ⊗ B is Galois.
(ii) ⇒ (iii) and (i) If we assume such an equivalence, then is a finitely generated projective generator for M * ⊗ B . We deduce from Theorem 3.2 that − ⊗ T :
is an equivalence of categories and T is faithfully flat. Therefore, in the commutative diagram of functors
where F : M T → M B is the restriction of scalars functor associated to λ : B → T , the other three functors are equivalences of categories. This shows that λ is an isomorphism, which proves (i) and (iii).
(iii) ⇒ (ii) By Proposition 2.5, we have that
which shows that the canonical map B ⊗ B → T ⊗ B is an isomorphism. Therefore, when B is assumed to be flat, one deduces that Kerλ ⊗ B = coKerλ ⊗ B = 0. Thus, if B is faithfully flat, then λ is an isomorphism of rings, and we can apply Lemma 3.9 and Theorem 3.2 to obtain that − ⊗ B :
an equivalence of categories.
(iii) ⇔ (iv) The proof of the equivalence between (iii) and (iv) in Theorem 3.2 works here.
M. Cipolla [8] give a Descent Theorem for a homomorphism of noncommutative rings B → A. As T. Brzeziński pointed out [4] , the category of descent data [16] is precisely the category M A⊗ B A of right comodules over A ⊗ B A. As a consequence of Theorem 3.10 we obtain Cipolla's main result [8, Teorema] (see also [16, Theorem 3.8] ). Proof. Put = A in Theorem 3.10.
The structure of cosemisimple corings
Basic properties of cosemisimple corings have been studied in [10] and [12] . Perhaps, from the coring point of view, the most fundamental examples of cosemisimple corings are Sweedler's canonical corings D ⊗ E D for E ⊆ D an extension of division rings. This section contains a full description, in terms of finitely generated and projective right A-modules and division subrings of their endomorphism rings, of all cosemisimple A-corings for each fixed ring A.
A coring is said to be cosemisimple if it satisfies the equivalent conditions in the following theorem. This notion obviously generalizes cosemisimple coalgebras. On the other hand, a ring A is semisimple if and only if, considered as A-coring, A is cosemisimple. In fact, cosemisimple corings were originally called semisimple corings in [10] , but it seems better, from the point of view of the theory of Hopf algebras, to follow the coalgebraic terminology.
Every cosemisimple A-coring C admits a unique decomposition as a direct sum of simple cosemisimple A-subcorings, where a coring is said to be simple if it has no non trivial subbicomodules [10, Theorem 3.9] . Several characterizations of simple cosemisimple corings were given in [10, Theorem 3.7] . The structure of these simple cosemisimple summands can be now deduced from our previous results. Proof. The first statement is a consequence of Theorem 3.2 because C is a finitely generated projective generator of M C . The second statement is a consequence of Theorem 3.10.
The following is our structure theorem for simple cosemisimple corings. 
, for all i, j , thus ψ is an isomorphism of A-bimodules. A direct computation, using these bases, proves that ψ is a morphism of A-corings.
Recall from [10, Theorem 3.7] that an A-coring C is cosemisimple if and only if it decomposes uniquely as C = ⊕ λ∈ C λ , where C λ are simple cosemisimple A-corings. 
Theorem 4.4 (Structure of cosemisimple corings). Let
Therefore, C = ⊕ ∈ C = ⊕ ∈ C , where
) are simple cosemisimple A-corings for every ∈ and ∈ . The uniqueness of the decomposition given in [10, Theorem 3.7] gives now that there exists a bijection φ :
This implies in view of Theorem 4.3 that there exists an
Remark 4.5. The structure of cosemisimple coalgebras over a field k is very wellknown: form direct sums of dual coalgebras of finite dimensional simple algebras over k, which are matrices over division k-algebras. Comatrix corings allow to build these simple blocks directly, as they are coalgebras of the form * ⊗ D , where the D 's are division subalgebras of endomorphism algebras of finite dimensional k-vector spaces . Observe that this description applies for coalgebras over arbitrary commutative rings k, if we take finitely generated and projective k-modules instead of finite dimensional vector spaces.
Coendomorphism corings
We will see that comatrix corings are special instances of coendomorphism corings. This gives an alternative approach, although less elementary, for introducing comatrix corings and the canonical map. [11, Section 3] ). This functor is called the cohom functor by analogy with the case of coalgebras over fields (see [20] 
where the hooked arrows are canonical monomorphisms, is commutative, because the left triangle commutes by the properties of the unity and counity of the adjunction. We have then that the diagram
is commutative. This means that (f ⊗ A N) • θ N = λ N . To prove that f is a homomorphism of A-corings, we need to show that the following diagram is commutative:
which is equivalent, by the adjunction isomorphism, to prove that the diagram N θ N ( ( P P P P P P P P P P P P P is commutative. So 
F (N)
⊗( C ⊗ A N) • (f ⊗ A N) • θ N = ( C ⊗ A N) • λ N = (C ⊗ A λ N ) • λ N ; (f ⊗ A f ⊗ A N) • (F (N ) ⊗ A θ N ) • θ N = (f ⊗ A ((f ⊗ A N) • θ N )) • θ N = (f ⊗ A λ N ) • θ N = (C ⊗ A λ N ) • (f ⊗ A N) • θ N = (C ⊗ A λ N ) • λ N> > > > > > > > > > > > > > > > > > > > > F (N) ⊗ A N f ⊗ A N / /
